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The exercises in this booklet are intended to give further practice, should 
you require it, in handling the main mathematical ideas in each chapter of 
MS221, Block C. The exercises are ordered by chapter and section, and are 
numbered accordingly: for example, Exercise 3.2 for Chapter Cl is the 
second exercise on Section 3 of that chapter. 


Exercises for Chapter C1 


Section 1 


Exercise 1.1 
(a) Consider the function k(x) = x? + 32. 
(i) Show that if h 4 0, then 
k(x +h) — k(z) 
h 


(ii) Hence determine k’(z). 


=2r+h+3. 


1 
(b) Consider the function f(x) = “3 is 0}. 
(i) Show that ifh #0 andx+hF#0, then 


f(zt+h)—f(x) (82° + 32h + h’) 
h “a fir 


(ii) Hence determine f’(z). 


Exercise 1.2 

(a) Given that f(x) = x4/? write down 
f(a), f"(w) and f® (2). 

(b) Given that y = cosz, write down 
dy d*y oy d+y 


ee ae awd ———. 
dx’ dx?’ dx? dx4 


Section 2 


Exercise 2.1 


(a) Given that f(z) = 4/z —3sinz (x > 0), 
find f'(z). 


(b) Given that g(t) = 2e’ + 3lnt (t > 0), 
find g‘(t). 
Exercise 2.2 


Use the Product Rule to differentiate each of the 
following functions. 


(a) f(x) = (2? — 824/43 + 2) cosz 

(b) g(t) = (2¢* +sint) tant 

| - 2 

a h(s) = (50° —27+5- = | 2 
x 


(d) f(0)=6°lné 


Exercise 2.3 


Use the Quotient Rule to differentiate each of the 
following functions. 


og’ +5a¢2+1 
(a) f(x)= oe ee 
(b) g(a) = ES 
1+cost 
(c) A(t) = oe 


Exercise 2.4 

Differentiate each of the following functions. 
(a) k(x) = (x? — 3x2 + 4)(x? + 22 — 1) 

(b) g(t) = Intcos(3t) 


sin 6 
) a 
gc? +27 —1 
(d) f(z) = a aed 
(@) a2) = 2 


Exercise 2.5 


Use the Composite Rule to differentiate each of the 
following functions. 


a) k(x) = cos(y2) 


( 

(b) k(x) = — 
(c) k(x) = e* 

(d) k(x) = sin(2*) 
(e) k(x) = tan(Inz) 


Exercise 2.6 


Differentiate each of the following functions. 


ta): f(t) = cos*(38) letS2) 
b) f@=—o> 


(c) f(x) =sin ((2? + 4)e**) 
(d) f(t) =e /sm 


Exercise 2.7 


(a) Use the Inverse Rule to find the derivative of 
f(x) = arcsin(2x), for —5 < x < $. 

(b) (i) Given that y = arctan(3z), use the Inverse 
Rule to find dy/dz. 


(ii) Confirm your answer by using the derivative 
of arctan and the Chain Rule. 


Section 3 


Exercise 3.1 


Sketch the graph of each of the following functions. 


a= 5 
(a) f(z) =—— 
ge? +1 


xz? —1 


Section 4 


Exercise 4.1 
(a) Consider the function f(r) = 2° + 3x? — 2. 


(i) By evaluating f(—3) and f(—2), show that 


the equation f(z) = 0 has a solution in the 
interval (—3, —2). 


(ii) Show that for this function f the 


Newton—Raphson formula in equation (4.1) can 


be expressed as 

2x? + 3x2 +2 
32n(Ln + 2) 

(iii) Use your calculator to find the first five 


n+] = aw ies a ag 


terms of the sequence x,, when the initial term 


is Lo = —2.95. 


(iv) Check that the final term calculated in 
part (iii) is indeed a good approximation to a 
solution of f(x) = 0. 


(b) Consider the function f(a) = e®” — 3z. 


(i) By evaluating f(0) and f(1), show that the 


equation f(x) = 0 has a solution in the 
interval (0, 1). 


(ii) Show that for this function f the 


Newton—Raphson formula in equation (4.1) can 


be expressed as 
e*" (rn — 1) 


Lyatt = Pe tig 


(# =U, lea 


(iii) Use your calculator to find the first five 


terms of the sequence z,,, when the initial term 


is LQ = 0.5. 


(iv) Check that the final term calculated in 
part (iii) is indeed a good approximation to a 
solution of f(x) = 0. 


Exercise 4.2 


(a) 


Consider the function f(x) = x* — 32 — 3. 


(i) By evaluating f(1) and f(2), show that the 
equation f(x) = 0 has a solution in the 
interval (1,2). 


(ii) Show that for this function f the 
Newton—Raphson formula in equation (4.1) can 
be expressed as 


304,+3 
Ar —3 


ee (an =O; Ij 2 8 

(iii) Use your calculator to find the first five 
terms of the sequence z,,, when the initial term 
is Lo = 1. 


(iv) Check that the final term calculated in 
part (iii) is indeed a good approximation to a 
solution of f(x) = 0. 


(v) Find a value of xo for which the 
Newton—Raphson method fails for this 
function f. 


Consider the function f(x) = $2 + cosz. 


(i) By evaluating f(—2) and f(—1), show that 
the equation f(x) = 0 has a solution in the 
interval (—2,—1). 


(ii) Show that for this function f the 
Newton—Raphson formula in equation (4.1) can 
be expressed as 


Ln SIN Ly, + COSTy 


1 


(1 =, 2; <<). 
sine, — 3% 


In+1 = 
(iii) Use your calculator to find the first five 
terms of the sequence x, when the initial term 
is To = —1.5. 


(iv) Check that the final term calculated in 
part (iii) is indeed a good approximation to a 
solution of f(x) = 0. 


(v) Find a value of x for which the 
Newton—Raphson method fails for this 
function f. 


(vi) Generalise your result in part (v) to give a 
number of initial values x9 for which the 
Newton—Raphson method fails for this 

function f. 


Exercises for Chapter C2 


Section 1 


Exercise 1.1 


Use the table in the Handbook and the Sum and 
Constant Multiple rules to find each of the following 
indefinite integrals. 


(a) [ee + cos(4x)) dx 
(b) ie — sin(5t)) dt 


(c) lm eo 


0 [(C22)« 


Exercise 1.2 


Evaluate the following definite integrals, giving your 
answers to 4 decimal places. 


Exercise 1.3 


(a) (i) Explain why the graph of f(x) = x’ is 


above the z-axis for all values of x in the 
interval [—3, —2]. 


(ii) Find the area under the graph of f(x) = 2!° 
from z = —3 to x = —2, correct to the nearest 
integer. 

(b) (i) Explain why the graph of y = sin(5z) is 
above the z-axis for all values of x in the 
interval [7/15, 27/15]. 

(ii) Find the area under the graph of 
y= sintSe) from z= 747/15 to x = 27/15. 


3 
(c) (i) Find the values of | (e*/? — 1) dx and 
2 


2 
/ (e*/? — 1) dx, correct to 4 decimal places. 
=4 


(ii) Which of the integrals above represents the 
area bounded by the graph of y = e*/? — 1, the 
x-axis and the stated limits for x? 


(iii) Calculate the area bounded by this graph, 
the z-axis, x = —1 and zx = 3, correct to 4 
decimal places. 


(d) Sketch the graph of the function f(x) = cos(2z) 
between x = —7/2 and x = 7/2. Using the fact 
that the area bounded by the graph, the z-axis 
and the given limits for x is 4 times the area 
bounded by the graph, the z-axis, x = 0 and 
x = 1/4, show that the area bounded by the 
graph and the z-axis between x = —7/2 and 
#9 /2-is 2 


(e) Sketch the curve y* = 4x from x = 0 tox = 9. 
Using your sketch to help you, find the area 
bounded by the curve and the line z = 9. 


Section 2 


Exercise 2.1 


Use integration by parts to find each of the following 
indefinite integrals. 


(a) [ 2 008(30) dx 
(b) [x sin (22) dx 
(c) | emez) dz 


Exercise 2.2 


Use integration by parts to find each of the following 
definite integrals correct to 3 decimal places. 


1 
(a) / ce** dx 
0 


(b) / eae 


—n/A4 


(c) f x” In(4x) dx 


M Exercise 2.3 


Find the following integrals. 

(a) j? sin (5x) dx 

(b) fer cos(4a) dx 
— e “*sin(5a) d 


x? Inx dx 


Exercise 2.4 


Evaluate the following integrals, correct to 4 decimal 
places. 


1 
(a) / xe” dx 
0 


1/4 
(b) / e*/? cos(2x) dx 
0 


4 
(c) / a? In x dx 
1 


Section 3 


Exercise 3.1 


Use integration by substitution to find the following 
integrals. 


(a) jee dz, taking u = x° 
(b) [@ sin(x*) dz, taking u = x° 


(c) [a — 22°)? dz, taking u = 1 — 223 


5 
d seer taking-u = 2 — 2° 
> 
—2£ 


Exercise 3.2 


Use integration by substitution to evaluate the 
following integrals, giving your answers correct to 
4 decimal places. 


1 
(a) / a(2x? + 1)'/? dz, taking u = 2a? +1 
0 
: 2 
(b) / ze* T° dx, taking u = 27 +3 
os: 
1/V3 - 
(c) / a dz, taking u = arctan(327) 
*/2 cosa sin x ‘ 
(d) / ——_—— dr, taking u=1+sin* x 
0 


14+sin? x 


Exercise 3.3 


Use integration by backwards substitution to find the | 


following integrals. 

(a) oes, dx, taking x = $(u+1), where 
u=3r-—1 

al 

(b) / (e+ )iz dz,taking « = u? — 1, where 

u=(x+1)'”” 
l 
Cc — dx, taking x = e”, where u = Inzx 
x 


1 
(d) / G42 dx,taking x = tanu, where 
x 


wu = arctan? 


Exercise 3.4 


By choosing an appropriate substitution, find each of 
the following integrals. 


(a) / seine?) da 
(b) / con’ nena 
(c) / aV/x —1dz 
(d) / ae ae 


Exercise 3.5 


Find the following integrals, using any appropriate 
method. 


(a) / ot sit ae ale 
(b) [ esin(62) de 


(c) [<a dz 


Exercise 3.6 


Evaluate the following integrals, using any 
appropriate method, giving your answers to 
4 decimal places. 


2 
Zz 
(a) / Eoldade 
1 (e+1) 
m/A 
(b) / sec’ x tan x dx 
0 


(c) iz x cos(62) dx 


—1/6 


Section 4 


Exercise 4.1 


(a) Find the volume of revolution obtained when the 
region under the graph of y = 1/z, from z = 5 
to x = 1, is rotated about the z-axis. 


(b) Find the volume of revolution obtained when the 
2 2 


ellipse = + = = 1 is rotated about the z-axis. 


(This solid of revolution is the same as that 
obtained by rotating the graph of 
f(x) = 2,/1 — x?/9 about the z-axis.) 


(c) Use integration by substitution to find the 
volume of revolution obtained when the region 
under the graph of y = /z(14+ 2)'/3, from x = 0 
to x = 1, is rotated about the z-axis, giving your 
answer correct to 4 decimal places. 


(d) Use integration by parts'to find the volume of 
revolution obtained when the region under the 
er eae ge ". irom 2 = 1 tog = 2, 1s 
rotated about the x-axis, giving your answer 
correct to 4 decimal places. 


(e) Find the volume of revolution obtained when the 
region under the graph of y = sing, from x = 0 
to x = 7, is rotated about the z-axis, giving your 
answer correct to 4 decimal places. 


Exercise 4.2 


A miniature perfume bottle is 4.5cm high and the 
outside shape is formed by the curve with equation 


= 15+ ss cosx between x = —4 and x = 4. It 
V2 2 
has a circular cross-section. 
The thickness of the material from which the bottle 
is made is uniform and measures 0.5cm; see figure 
below. 


—1 


Explain why the internal volume V of the bottle can 
be expressed by 


4 1 2 
Y= nf (: + —— cos x! dx. 
0 V2 


Hence calculate how much perfume the bottle can 
hold, to the nearest 0.01 cm?. 


Exercises for Chapter C3 
Section 1 


Exercise 1.1 


Find the linear Taylor polynomial about 0 for each of 
the functions below. Use the polynomial to find an 
approximation for f (0.02), and use your calculator to 
find the value of the associated remainder to eight 
decimal places. 


(a) f(z)=e* (b) f(z) =(4-2)? (<4) 


Exercise 1.2 


Find the linear Taylor polynomial about 1 for each of 
the functions below. 


meee ee * ib) fe) = 


Exercise 1.3 


(a) 


Use the linear Taylor polynomial about 1 from 
Exercise 1.2(b) above to find an approximate 
value for the reciprocal of 2.01. Use your 
calculator to find the value of the associated 
remainder to eight decimal places. 


Find the linear Taylor polynomial about 0 for 


fix) = Aa Use your answer to find an 
approximate value for the reciprocal of 1.01°. 
Use your calculator to find the value of the 


associated remainder to eight decimal places. 


Exercise 1.4 


Find the quadratic Taylor polynomial about 0 for 
each of the functions below. Use the polynomial to 
find an approximation for f(0.01), and use your 
calculator to find the value of the associated 
remainder to eight decimal places. 


(a) 
(b) 


f(x) =e"? 


tiv) = 2c0er 


Section 2 


Exercise 2.1 


Find the quartic Taylor polynomial about 0 for each 
of the functions below. 


(a) 
(b) 
(c) 


f(x) = cos(2z) 


f(e) =n (——) 
f(iz)=V1l-z 


Exercise 2.2 


(a) 
(b) 


Find the quintic Taylor polynomial about 7 for 
the function f(x) = cosz. 


Find the quintic Taylor polynomial about e for 
the function f(z) = Ing. 


Exercise 2.3 


(a) 


Given that the Taylor polynomial of degree n 
about 0 for the function f(z) = In(1 +2) is 
ee Se ee See 
Paneer + ge” er Fee ~ay i 
for n = 1,2,3,..., calculate the value of In(1.05) 
to four decimal places. 


Given that the Taylor polynomial of degree 2n 
about 0 for the function f(x) = cos(2z) can be 
expressed as 


(2x)? | (2x)* (22)*” 
32 fe Sf oe ee tr 
Pon(@) 7 2 ti (2n)! 
tor 4% = GO. ...., calculate the value of cos(0.2) 


to four decimal places. 


Section 3 


Exercise 3.1 


(a) Find the Taylor series about 0 for the function 


(b) Find the Taylor series about 1 for the function 
f(x) = 1/e. 


Exercise 3.2 


Use the binomial series to find the first five terms of 
the Taylor series about 0 for each of the following 
functions. 


(a) (l+2)"* — (b) (1+2)¥* 


Exercise 3.3 


Using the appropriate series from Exercise 3.2, find 
the value of each of the following numbers to three 
decimal places. 


(a) (0.99)~4 (b) (0.9)1/8 


Section 4 


Exercise 4.1 


Using the standard Taylor series about 0, find the 
Taylor series about 0 for each of the following 
functions, giving the first four non-zero terms. For 
each series state a range of validity. 


(a) sin(«?) (b) e?/? 
1 


(©) = @ Gta)? 


Exercise 4.2 


Using standard Taylor series about 0, find the Taylor 
series about 0 for each of the following functions, 
giving the first four non-zero terms. For each series 
state a range of validity. 


(a) e* + cosz 


©) =(T5) 


i 
(Hint: Use In ( 
i+ 


4 OF 


= | = In(1 — x) — In(1+2).) 


(c) (l—2)sinz 


Exercise 4.3 


(a) Use the standard Taylor series about 0 for e” to 
write down the Taylor series about 0 for e?”. 


(b) Use e?” = e” x e® and multiplication of the 
standard ‘Taylor series about 0 for e” to confirm 
the first four terms of your answer to part (a). 


Exercise 4.4 


(a) The Taylor series about 0 for sinh x is 
= A 3 tog 
sinhe = ot 2 & +e 4+ .--, 
Use this series to write down the first three 


non-zero terms of the Taylor series about 0 for 
sinh(2z). 
(b) The Taylor series about 0 for cosh z is 
$y HL 3G 
coshr=1+ 52 rl +-+:. 
Use multiplication of Taylor series to obtain the 


first three non-zero terms of the Taylor series 
about 0 for sinh x cosh z. 


(c) Compare your answers to parts (a) and (b) 
above, and hence conjecture an identity relating 
sinh(2z) and sinh xcosha. 


Exercise 4.5 


(a) By differentiating the standard Taylor series 
about 0 for In(1 + x), find the Taylor series 


about 0 for 7 


to find 


: 1 
(b) Use the Taylor series about 0 for 
1+2 


the Taylor series about 0 for pres 


(c) Use your answer to part (b) to find the first four 
non-zero terms of the Taylor series about 0 for 
arctan(2x7). (You may assume that an 
antiderivative of 1/(1+ 42”) is 5 arctan(2z).) 


For each series state a range of validity. 


Exercise 4.6 


(a) Use the binomial series to find the Taylor series 


1 
about 0 for ———— 
V1 — x? 


non-zero terms. State a range of validity for the 
series. 


, giving the first four 


(b) Use your answer to part (a) to find the Taylor 
series about 0 for arccos z, giving the first five 
non-zero terms. 


Solutions for Chapter C1 


Solution 1.1 
(a) (i) We have, for h 40 
k(a + h) — k(x) 
h 
((c +h)? + 3(a@ + h) — (2? + 3z)) 


ee om] eR 


= 7 (2° + 2ch + h° + 30 + 3h — 2° — 32) 


= 224+h+3, 
as required. 


(ii) By equation (1.2) we need to consider the 
quotient from part (i): 


lim (22 +h+ 3) = 2443, 
h-—0 
so 
k(x) = 2x + 3. 
(b) (i) We have, for h#0andz2+hF0, 


f(x +h) — f(z) 
h 


“i (caF-3) 


ot a>? —(x+h)° 

RX (a+h)323 

geese: a> — (x* + 37h + 3xh? + h?) 
=f (x + h)§a3 


(32? + 32h + h?) 
ae 


as required. 


(ii) By equation (1.2) we need to consider the 
quotient from part (i): 


= (- (327 + 32h + “) = ogee 3 


h—0 (x + h)§x3 ~ g8g3 gt? 
so 
3 
f(t) Se. 
: 


Solution 1.2 
(a) Here f(x) = 4/3. so f!(x) = sa 


f"(x) = 2-7/3 and f(z) = —Z 27/8. 
| 2 
(b) Here y = cosa, so 7 = — sing, 4 = COSE, 
ty 8 d*y 
| Aaa Oe and 44 = cosz. 


(The Constant Multiple Rule was used here 
several times.) 


Solution 2.1 


(a) By the Sum and Constant Multiple Rules, the 
function f(x) = 4,/x — 3sinz has first derivative 


f'(z) =4x ix 71? — 3cosz 


Z 
= — — 3cosz. 


Jr 
(b) By the Sum and Constant Multiple Rules, the 
function g(t) = 2e’ + 3lnt has first derivative 


g(t) = 2c" + ; (t > 0). 
Solution 2.2 
(a) Here f(x) = (x? — 8x4/3 + 2) cosz, so 
figs & —8x 421/83) COS x 


+ (x? — 8¢4/3 + 2)(—sinz) 


= (32? — 21/3) cos x — (x* — 8x4/3 + 2)sin a. 
(b) Here g(t) = (2t* + sint) tant, so 
g'(t) = (8t? + cost) tant + (2t* + sint) sec? t. 


2 
(c) Here h(x) = (527 — 2? +5- Je SO 
h'(x) = (352° — 22 + 22 *)e* 
2 
+ (s0" - 2? +5- =) e” 
z 
7 6 2 2 2 x 
=| oe —aor -—2 =e2p+59-—+- 5 je. 
Be a 
(d) Here f(@) = 0° ln@, so 
1 
f'(0) = 66° 1n@ + 6° x 
= §°(61n6 + 1). 


Solution 2.3 


"+ ba® +1 
(a) Here f(x) = , ee 


See oe ces 

ig (x* + 1)(7x® + 15x?) — (x" + 5x? + 1)(42°) 
a (24 +1)? 
— 80'° + 22° — 4x9 + 152 
= (x4 + 1)? 

4r + e* 
(b) Here g(x) = a5 
ee (x8 — 2)(4 + e”) — (4x + e*)(82") 
sie (28 — 2)2 


_ —28a° — 8 + (x® — 82" — 2)e” 
: (a8 — 3p | 


= 1+ cost 


(c) Here h(t) = eee x 
n'(t) = sin t(— sin t) 3 © + cost) cost 
sin* t 
= — sin* t — cos* t — cost 
= sin’ t 
Sk et 
oe 
i 
ier 
by using 


sin? t = 1 — cos* t = (1 — cost)(1 + cost). 


Solution 2.4 
(a) Here k(x) = (x? — 32 + 4)(x? + 2x — 1), so we 
use the Product Rule: 
k'(x) = (22 — 3)(x* + 2x — 1) 
+ (a? — 3x + 4)(22 + 2) 
= 227 + 4a? — 2x — 32” — 62 + 3 
+ 2x° — 6x? + 8x + 2a” — 6x + 8 
= 4a® — 327 — 62 + 11. 
(b) Here g(t) = Intcos(3t), so we use the Product 
Rule: 


F< - coated + in? (—densey) 


1 
a cos(3t) — 3Intsin(3t). 


sin 0 
Here h(#) = —————__, the tient 
(c) — (0) Fee sO we use Quotien 
ule: 
n'(6) = (6? + 20 — 1) cos 0 — sin (20 + 2) 
= (6? + 20-1) 
_ (& +20 —1)cos@ — 2(6 + 1) sind 
= (6? + 20-1) ) 
gs Zed 


(d) Here f(x) = 
Quotient Rule: 
f'(z) = ((a? — 3a + 4) (2x + 2) 


, sO we use the 


—(x* + 2x — 1)(2x — 3)) /(a? — 3x + 4)” 
= 9e7 — de? + 2¢ +8 —- De? ee 


(a? — 32 + 4)? 


_ —5a? +102 +5 
(a? — 32 + 4)? 


— 5(1 + 2a — 2”) 
(x? — 34 +4)? 


10 


x? sin x 


(e) Here k(x) = 
and Product Rules: 


, So we use the Quotient 


te e* (3x7 sinz + 2° cos x) — x° sin x(e”) 
(e7)? 
_ e*(327 sing + x cosx — x* sin z) 


(e)2 
x?(3 —2x)sinzg + x*cosz 
er 

Solution 2.5 
(a) Here k(x) = cos(,/x), so in this case 

k() = o(F(@)) = ou), 

where 
g(u) = cosu and u= f(x) = Vz = 21”. 


ot 12 


Since g'(u) = —sinu and f(z) = 5x “/“, we 
have 
k'(x) = —sinu x La t/2 
= —sin(/z) x 4271? 
Z -375 me, 
(b) Here k(x) = ./cos 2, so in this case 
k(x) = g(f()) = g(u), 
where 
g(u) = ul/? and u = f(x) =cosz. 
Since g’(u) = 4u—1/? and f’(x) = —sinz, we 


have 
k'(z) = 4u-1/? x (—sinz) 
_ eine 
2,/cos x 
(c) Here k(x) = e® /?, so in this case 
k(x) = g(f(2)) = g(u), 


where 


g(u) = e* and w= f(z) = a2. 


Since g’(u) = e” and f’(x) = z, we have 


k(x) = e%x = xe® /?. 


(d) Here k(x) = sin(x*), so in this case 


k(x) = g(f(x)) = g(u), 

where 
g(u) = sinu and u= f(z) = 2°. 

Since g'(u) = cosu and f’(x) = 3x7, we have 
k'(x) = cosu x 3a? 


= 32° cos(z*). 


0 aaa... 


(ec) Here k(x) = tan(Inz), so in this case 
k(x) = g(f(a)) = g(u), 
where 
g(u) = tanu and u = f(x) = Inz. 
Since g’(u) = sec* u and f’(x) = 1/z, we have 
k'(x) = sec? u x 1/z 


_ sec?(In 2) 


IL 


Solution 2.6 
(a) Here f(t) = cos*(3t) In(5t), so we use the 
Product Rule and the Composite Rule: 


i= = (cos*(3t)) In(5t) + cos? (3t) < (1n(64)) 
= 2.cos(3t)(—3sin(3t)) In(5t) + cos?(3t) ; 


3t 
= cos(3t) (= — 6sin(3t) in(5t) : 
e2t 
(b) Here f(x) = (a? +1)?’ 
Rule and then the Composite Rule: 
2 (a? 1)?4 ((e?7)) — ere C (Ce a my) 
(x2 +1) 
(a? +1)? x 2e?* — e* x 2(a? + 1)2z 
(x? + 1)4 
2e?* (x? + 1)(x? + 1 — 22) 
(7° 4-47 
- 2e7*(a —1) 
ee (x2 + 1)8 


so we use the Quotient 


f'(z) 


(c) Here f(x) = sin((x? + 4)e°”), so we use the 
Composite Rule and then the Product Rule: 


f'(x) = cos ((x? + 4)e*”) = ((x? + 4)e°*) 
= cos ((x? + 4)e**) (2are°* + (x? + 4)3e°*) 
= e°* (327 + 2x + 12) cos ((x? + 4)e°*) . 


(d) Here f(t) = e* /*™*, so we use the Composite 
Rule and then the Quotient Rule: 


CP ae 
"gy = idee qu’: 
iss dt \ sint 


3 /sint (= xo OX Cee 
= EC OT 
sin’ t 


Ss (ee) .2,2/sint 
ie . 
sin* ¢ 


Solution 2.7 


(a) If y = f(x) = arcsin(2z), where —) <a << 5, 
then 


ee ee 1 1 
r= 5siny, where — 57 <y < 57. 


dx 
So — =i cosy. 
ay y 


Thus, by the Inverse Rule, 


d d 2 
a = , provided cosy # 0. 
dx dy cosy 


Now cos? y + sin? y = 1, so 


cosy = +4/1—sin? y = +,/1 — (22). 


Since cos y is never negative in the interval 
—1/2<y < 1/2 we take the positive root: 


cosy = V1 —42?. 
Hence 
dy 2 


dx J/1 — 4x2 


(b) (i) If y=arctan(3z), then x = § tany, so 
d 
— 1 sec? y = $ (1 + tan? y) 


= 1 (1+ (3a)”) = 3 (1+ 927). 
Thus, by the Inverse Rule, 
ee 
dx dy 1+92? 
(ii) If y = arctan u, where u = 3z, then 


dy _ 1 du 


= d — =3. 
dus il+u? ae 
So, by the Chain Rule, 
a as 1 
Riding ftilnndnee,* aon 3 
ax a : dx 1+u? : 
= 3 
~ 14+ (32)? 
= 3 
~~ 14922’ 


confirming the answer in part (i). 


Solution 3.1 
32 — 8 
(a) f(z) ek ee A : 
Step 1: The denominator xz — 4 is zero when x = 4, 
so the domain of f is IR except for 4. 


Step 2: f is neither odd nor even. 


Step 3: The only x-intercept occurs when 
3x — 8 = 0; that is, when z = 7 The 
y-intercept is f(0) = 2. 


13 


Step 4: 


Step 8: 


Step 6: 


1é 


Here is a sign table for f(z). 


, 5) and (4, 00), 


Thus f is positive on (—oo 
and negative on (§, 4). 
The derivative of f is 
z-—4)x3-—(3r-8)x1 
Fix ies ( ) ( ; ) 
(x — 4) 
oe 
ea 

So f’(z) < 0 for all x in the domain. Thus f 
is decreasing on (—oo, 4) and (4, 0o). 
Since the denominator is 0 when x = 4, the 
line x = 4 is a vertical asymptote. Also 

3x —-8 3-8/2 
les t-4 1-4/z 


a 
ee SoS 


So the line y = 3 is a horizontal asymptote. 


To locate the curve in the interval (4, 00), 
we calculate f(5) = 7. 


Thus we can sketch the following graph. 


(b) k(x) = 


Step 1: 


Step 2: 


Step 3: 


Step 4: 


gz? +1 

x? —1 

The denominator is 0 when x = +1, so the 
domain of k is R except for +1. 

We have 


(—z)? +1>-¢7+1 
(—x)?—-1 2-1? 


so k is an even function. 


k(—2x) = 


The x-intercept would occur when 

x? + 1=0, which has no real solutions, so 
there is no x-intercept. The y-intercept is 
k(0) = —-1. 


Here is a sign table for k(z). 


Step 8: 


,—1) and (1,00), 


Thus k is positive on (—oco 

and negative on (—1,1). 

The derivative of k is 

(x? — 1)2x — (x? + 1)2z 
(a? —17 

co ee ee 

-@F 


Here is a sign table for k’(z). 


kin) = 


Step 6: 


So k is increasing on (—oo, —1) and (—1,0), 
and decreasing on (0,1) and (1,00). Also k 
has a stationary point at x = 0, which is a 

maximum, with value k(0) = —1. 


Since the denominator is 0 when x = +1 the 
lines x = 1 and xz = —1 are vertical 
asymptotes. Also 


so y = 1 is a horizontal asymptote. 


+lasr> sto, 


To locate the curve in the interval 

(—oo, —1), we calculate k(—2) = 5/3 and to 
locate the curve in the interval (1,00) we 
calculate k(2) = 5/3. 


Thus we can sketch the following graph. 


(c) h(x) = x2? — 9x = x(x? — 9) = x(x — 3)(x + 3). 


Step 1: 
Step 2: 


Step 3: 


Step 4: 


Step 35: 


The domain of h is R. 
We have 


h(—a) = (—2)* — 9(—-2) 
= —z* + 92 = —(x* —9z), 


so h is an odd function. 


The z-intercepts occur when x? — 9x = 0; 
that is, when x(x — 3)(a + 3) = 0. So the 
z-intercepts are —3, 0 and 3. Since h(0) = 0, 
the only y-intercept is zero; that is, the 
graph passes through the origin. 


Here is a sign table for h(x). 


Thus h is negative on (—oo, —3) and (0, 3), 
and positive on (—3, 0) ; 


The derivative of h is 
h'(x) = 327 —9 
= 3(a? — 3) 
= 3(a — V3)(x + V3). 


Step 6: 


Here is a sign table for h’(z). 


So h is increasing on (—oo, —V/3) and 


(/3, co), and decreasing on (— V3, V3). Also 
h has a stationary point at c = —/3 ~ —1.7, 
which is a local maximum with value 
h(—V3) = 6/3 ~ 10.4, and a stationary 
point at /3 ~ 1.7, which is a local minimum 
with value h(./3) = —6V/3 ~ —10.4. 


f(x) 4 co as ZT CO 
and 
f(x) + -—0oo as & 4 —0o 


Thus we can sketch the following graph. 


(V3, —6V/3) 


(d) g(x) = (x? —5)e*/? 
Step 1: 
Step 2: 


The domain of g is R. 
We have 


g(—2) ={(—2)? — 5)e*/? 
= (x? — 5)e~*/?, 


so g is neither odd nor even. 
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Step 3: The z-intercepts occur when zc = +5. The 
y-intercept is g(0) = —5. 
Step 4: Here is a sign table for g(z). 


So g is positive on (—on, —1/5) and (V5, 00), 
and negative on ays: 5). 
Step 5: The derivative of g 1s 
g(x) = 2ae"/? + (a? - 5) de?/? 
— de® /?(q? + 4x2 — 5) 
= 1e*/?(4 + 5)(x — 1). 
So g'(z) = 0 when x = —5 and x = 1. 


Here is a sign table for g'(z). 


Solution 4.1 


(a) (i) With f(z) = 2° +327 —2 
we have f(—3) = —27+ 27-2 < 0 and 
f(—2) = -8+12-—2>0. Thus the function f 
changes sign in the interval (—3, —2), so it has a 
zero in that interval. 


So g is increasing on (—oo, —5) and (1, 00), 


and decreasing on (—5,1). Also g has a (ii) Since f’(x) = 3x7 + 6z, the 

stationary point at x = —5, which is a local Newton—Raphson formula is 

maximum, with value g(—5) = 20e—*/2 ~ 1.6 fl 

and a stationary point at z = 1, which is a Inti =2n—- ; tn) 

local minimum with value f'n) 

g(1) = —4e!/? ~ -6.6. 23 +322 —2 
=<, - ee 


Step 6: g(x) > 00 as x — o0 (since e7/2 _+ o0 as 322 + 62y 


¢ + co and «7 — 5 — 00 as Z—> OO 
) _ 3af, + Gay, — (tp + 32m — 2) 


g(x) + 0 as x —> —o0 (given). 322 + 62n 
To locate the curve in the interval (1,00), O73 4+ 322 +2 
we calculate f(3) = 4e9/2 ~ 17.9. aS fe (642). (n =0,1,2,...). 
Thus we can sketch the following graph. (iii) To full calculator accuracy 
Lo = —2.5, 
{= —2.8, 


to. = 2.735 714 286, 
tq = —2,732062 378, 
a4 = —2.732 050808. 


(iv) We obtain with a calculator 


f(x4) = 0 (to 8 d.p.). 


Thus 2x4 is indeed a good approximation to a 
solution of f(x) = 0. 
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i Gi) With Fiz) = e* — 32 


we have f(0) =1>0 and f(1)=e—3<0. 
Thus the function f changes sign in the interval 
(0,1), so it has a zero in that interval. 

(ii) Since f’(x) = e” — 3, the Newton—Raphson 
formula is 


ee f (tn) 
f' (Zn) 
e™” — 32n 
ee 
SO eS eee, 
ee 
Lne" — 3Xn —C°" + 32n 
SO ae ee 
e*"(r, —1 
Ee ees (n = 0,1,2,...). 
(iii) To full calculator accuracy 
LQ = 0.5, 


x1 = 0.610 059 655, 

XLq = 0.618 996 7797, 
x3 = 0.619 061 2834, 
x4 = 0.619 061 2867. 


(iv) We obtain with a calculator 
f(x) = 0 (to 10 dg. 


Thus x4 is indeed a good approximation to a 
solution of f(x) = 0. 


Solution 4.2 
(a) (i) With f(x) = c* — 32 — 3 we have 


f(1) = -5 < Oand f(2) =7>0. Thus the 
function f changes sign in the interval (1,2), so 
it has a zero in that interval. 
(ii) Since f’(x) = 42° — 3, the Newton-Raphson 
formula is 
re — 32, —-3 

Bee = Peo ee 
So, 3) = (x4 — 32, — 3) 
= Ax? —3 
= 4e* — 32, —25,+32n +3 
i 4x? — 3 
- 32 +3 
— Ags — 3 


Cen |e Be Brees 


(iii) To full calculator accuracy 


Ly ie, 

£1 = 1.732 142 857, 
XL = 1.686 860 180, 
x3 = 1.684621 010, 
x4 = 1.684615 706. 


(iv) We obtain with a calculator f(x4) = 0 
(to 8 d.p.). 


Thus x4 is indeed a good approximation to a 
solution of f(x) = 0. 


(v) The Newton—Raphson method fails in this 
case if we choose 2g to be the stationary point 


of f, which is 3/3/4 ~ 0.91. 


(i) With f(z) = $2 + cosa we have 

f(—2) ~ -1.42 <0 and f(—1) ~ 0.04 > 0. Thus 
the function f changes sign in the interval 
(—2,—1), so it has a zero in that interval. 


(ii) Since f’(xz) = 5 —sinz, the 
Newton—Raphson formula is 


sin + COS Zn 
In+1 = Un - “JF : 
5 — SINTy 


En(5 — sin Zn) — (52n + COS Ln) 


5 — sin Zp, 


—In SINLyn — COSTy 
= 1 


= SIN Ln 


_ Ln SINLy + COSTy R012 


sIn Lyn — 5 
(iii) To full calculator accuracy 
to = —FS, 
x1 = —1.046 400619, 
L2q = —1.029 917 121, 
x3 = —1.029 866 530, 
L4 = —1.029 866 529. 


(iv) We obtain with a calculator f(r4) = 0 
(to 9 d.p.). 


Thus x4 is indeed a good approximation to a 
solution of f(x) = 0. 


(v) The Newton—Raphson method fails in this 
case if we take rp = aT, since this is a stationary 
point of f. 


(vi) The Newton—Raphson method fails if we 
take xp to be any stationary point of f. These 
stationary points are the solutions of 


sin 2 — 5 == 0, 
that is, all numbers of the form 
ge = 2nt + aT or: 2 = finn + 27, 


where n € Z. 


Solutions for Chapter C2 


Solution 1.1 


In each case c is an arbitrary constant. 


[ox + cos(4r)) dx = x° + 4sin(4r) +¢ 


se~" + i cos(5t) +c 


/ (e*’ — sin(5t)) dt 


lm 4 
1+# 
3x 22 32 22 
[¢ +e Jar= [(S+S)a 
ia ex et 


= fe +e") de = te"™ +e" +¢ 


dt = darctant+c 


Solution 1.2 


(a) [ oe" — e**) dz = 


—5.0045 (to 4 dp.) 


(b) [ cos (t) dt = sin sin | 
= 5 (sin (77/5) — sin (—77/5)) 
= 10sin(7/5) 
= 5.8779 (to 4 dp.) 


1/2 1 1/2 
. ————. du = |arcsinu 
(©) E. vil — 2 | | 


172 


= arcsin(=) — arcsin (9) 
= n/6 — (—7/6) 
= a/3 


~ 1.0472 (to 4 d.p.) 
PEE: 


1 
a f'era= fer 
0 0 


== ge'/? 2 
= 1.2974 (to 4 d_p.) 
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Solution 1.3 


(a) (i) For z in the interval [—3, —2], z is negative, 
but any negative number to an even power is 
positive, so z'° is positive. Hence the graph of 
f(x) = x'° is above the z-axis on the interval 
a ot 
(ii) The area is 

a9 ea 
/ w 
=3 


10 = ee 43 
ax ie | 


Sa 


2 (2) — a8) 
15918 (to nearest integer). 
(i) For z in the interval [7/15, 27/15], 5 lies in 
the interval {7 /3, 27/3] so sin(5z) is positive. 
Hence the graph of y = sin(5z) is above the 
x-axis on the interval [7/15, 27/15]. 


(ii) The area is 

27/15 27/15 

/ sin(52) dx = -4 cos(5z) 
m/15 


m/15 


= —+ (cos(27/3) — cos(/3)) 
=-1CF 8 
ap 0;2 
(c) (i) / (e*/? — 1) de = j2e*/ : x 
(2e7/* 23) pes D 


= 2.5268 (to 4 d.p.) 


[ie —l1)dr= [2<"/? — ] 


se (fe — 2) = (2e74/? 49) 
=< 1.2230 (to 4 op 


(ii) The graph of y = e*/? — 1 passes through 
the origin, and e*/? — 1 is positive for z > 0 and 
3 


negative for x < 0. Hence only / (e*/? — 1) dz 
2 
represents the area bounded by the graph, the 


x-axis and the given limits for z. 


(iii) To find the required area it is necessary to 
find the (positive) area bounded by x = 0 and 
x = 3, which is above the z-axis, and then 
subtract from it the (negative) area bounded by 
x = —1 and x = 0, which is below the z-axis. 


The required area is 


3 0 
/ (et/? — 1) de — / (tle A) de 
0 —1 


3 0 
= j2<%/ — x — l2e*/ — x 
0 a 


=i(ie 3) -2-@-Ce 44) 
= 2e3/? 4 Qe 1/2 — 6 
= 4.1764 (to 4 d.p.). 

(d) The graph of y = cos(2z) is shown below. 


2 \y = cos(2z) 


8 


Oe 
> 


By properties of the cosine function, the area 
bounded by the curve and the z-axis, between 
x = —7/2 and x = 7/2 is made up of four equal 
parts A, B, C and D. So the total area equals 
4 times the area from x = 0 to x = 7/4. Hence 
the required area is 

m/A4 


m/4 
| cos(2z) dz = 4 E sin(2e) 
0 0 


= 2(sin(7/2) — sin 0) 
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as required. 


(e) The curve y? = 42 is a parabola, as shown 
below. 


The parabola is symmetrical about the x-axis, 
so the area required is twice the area bounded 
by that part of the curve above the z-axis from 
x =0 to x = 9 and the z-axis. 


The part of the curve above the z-axis has 
equation y = 2,/z, since y > 0 on this part. 


Hence the total area is 


9 9 
2 | o¢/2 dr = 4 329?| 
0 0 


= §(9°/? -0) 
8 x 27 
= at 
3 


Solution 2.1 


In each case we use the integration by parts formula 


[ te@a@) de = t@a(e) - f #@a(e) ae, 
and ¢ is an arbitrary constant. 
(a) Let f(x) = 2 and g’(x) = cos(3z); then 
f(x) =1 


Hence 


[ x 005(30) dx = 4x sin(3z) — / 1 x $sin(3z) 


and g(x) = §sin(3z). 


= $zsin(3x) — 5 | sin(3z) dx 
= ¢arsin(3x) + § cos(3r) + ¢. 
(b) Let f(x) = 2z and g’(x) = sin (2); then 
f’(z) = 2 and g(x) = —5cos(#2). 
Hence 


[2esin (22) dx 
= Inf ene igs / si hens (55)) ae 
= —10z cos (22) + 10 [cos (22) dx 


= —10z cos (22) + 50 sin (22) +c. 


(c) Let f(z) = In(5z) and g'(x) = z; then 


: 


Pig) i/o 2 and <9) = 52". 


Hence 


1 
| em@z) dx = In(5a) x $27 — / = ta” dx 


dx 
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Solution 2.2 
(a) Let f(x) = @ and g’(z) = e**; then 


fi(z)=1 and g@)= 4 


0 
i484 78 
= 4 = 1) 
ee 

= i6e + 6 


= 10.300 (to 3 d.p.). 


(b) Let f(x) =z and g’(x) =sin(2z); then 


fey] F “an “9y= —5 cos(22). 
Hence 
m/4 
/ x sin(2x) dx 
—7/4 


nm /4 


‘ / is (—1 cos(2e)) de 


pa 42 cos(22) = ae 
—3 (x/4cos(/2) — (—x/4cos(—1/2))) 
+4[psinany]” 


= ;(sin(7/2) — sin(—7/2)) 
= 4(1-(-1)) 


= (5. 
(c) Let f(x) = In(4z) and g'(x) = x”; then 
f'(zy= ifs 2042 = gfe) = Ex’. 
Hence 
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2 
= }(8n8 —Ina)— 4 | a” dx 
7 2 
= }(8in8—in4) ~ §]2° 
1 
= $(8In8 — In4) — (8-1) 


= 4,305 (to 3 d.p.). 


Solution 2.3 


(a) Let f(x) = 2? and g'(x) = sin ($2); then 
f'(z)=22 and g(x) = —2cos ($2). 
Hence 


[o sin ($2) dx 
= —2r7 cos ($2) a | (-2 cos (52)) dx 
— —2zr* cos ($x) + 4 | 200s (52 ) dx 


Now let f(x) = x and g'(x) = cos ($2); 
f'(z)=1 and g(x) =2sin (52). 


(1) 


Hence 
[ 2008 ($2) dx = 2zsin (5x) — [ 2sin (52x) dx 
a 27 Sits (5 x) + 4cos ($2). 


Substituting in equation (1), we obtain 


[o =e: 


= —2zx7 cos($ 


x) dx 


x) + 4 (2zrsin($x) + 4cos(5 


= —27? cos (4 x) + 8asin (52) 


+16 cos (3 x) +¢ 


= 2cos (42) (8 — x”) + 8xsin (5x) +c. 


(b) Let f(x) = e*/? and g'(x) = cos(4a); then 
f'(z) =4e/? and g(x) = F sin(4z). 
Hence 


/ e*/3 cos(4zx) da 
= = e@/31 sin(4xr) — / 12/31 sin(4z) dx 
— 1ez/3 sin(4xr) — +5 ]* sin(4r)dzx. (2) 


= e?/3 and g(x) = sin(4z); then 


ers 


Now let f(z) 
f'(a) = 3¢ 


and g(x) = —; cos(4z). 


x)) +e 


Substituting in equation (2), we obtain 
fer cos(4x) dx 
= 1 ¢#/3 sin(4z) 
-s (-4er"* cos(4x) + 4 fer cos(4x) ir) 


= 1e2/3 sin(4x) + Aer? cos(42) 


a4 fer cos(4x) dx 

So 
(i+ aa) / e*/* cos(4a) da 
= 1e*/3 sin(Az) + Le*!* coa(4a), 

and hence 


j e*/3 cos(4a) dx 


_ 144 ( 1.2/3 ap 
= (4¢ sin(4x) + zat 


*/8cos( 4a) ) + c 


oee*/3(12sin(4z) + cos(4xr)) + c. 
(c) Let f(x) =e *" and g'(x) = sin(5z); then 
fie) = -2e"* 


Then we have 


es sin(52) dx 


and g(x) = —z cos(5z). 


=e 7* (—icos(5x)) — / (—2e~**) (—£ cos(5x)) dx 


= -je*colta) Efe Moatseyde 


Now let f(z) = 
f'(z) =—-2e-** and g(z)= 


~22 and g(x) = cos(5z); then 
= sin(52). 
Hence 


aioe cos(5x) dx 


e **) (£sin(5z)) dx 


e~** sin(5z) . sin(52) d 


Substituting in equation (3), we obtain 


ic sin(52) dx 


= —te ** cos(5z) 


—= (ge sin(52) = Ss 2 = sin(52) ir) 


= —ie **cos(5r) — Ze ** sin(5z) 


—a J e-“* gin(Sz) dz. 


(1+ 4) ppe™ sin(5x) dx 


= —te~** cos(5x) — Ze ** sin(5z), 


and hence 
i sin(5x) dx 
= 23 (—ie~** cos(5z) — 4e~** sin(5x)) +¢ 


a —te **(5 cos(5x) + 2sin(5z)) + ¢. 


(d) Let f(x) =Inz and g’(x) = x’; then 


1 
fiz= 7 and. g(a) = 2°. 
Hence 
1 
[eincde = nz x ig® -[- x io? dx 
x 
an ta? Ina — bf aaa 
= to? Ina — 2° +c 


= ig*(3Inz—1)+¢. 


Solution 2.4 
(a) Let f(z) ==" and g'(z) =e"; then 


Pae= or and ole) = 2c". 


Hence 


1 1 1 
/ a*e"* dz = (be) — / 2x(te°*) dx 
0 0 JO 


1 
= te? — al ze”® da. (1) 
0 
Now let f(x) =z and g’(x) = e”*; then 


Pisi=1 sid sole 2c". 


Hence 


|| 
our 

fay 
ol 

| 
Ole 

os 
Re 

ay 
Ol 
8 
Q. 

8 


0 

og NS eee = = 

Be ape + 35 
ot re 
= 95€ + 95- 


Substituting in equation (1), we obtain 
1 
=> = ts. 374 2 
7 we da = sé — 2 (4e + +) 


ae (17e° <5 2) 


= 20.1682 (to 4 d.p.). 
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(b) Let f(x) = e?/? and g/(x) = cos(2zx); then 


f'(z) =4e7/* and g(x) = Asin(2z). 
Hence 
n/4 
/ e*/? cos(2x) dx 
0 


n/4 


fe" ae: sin(2e)) — / . 1e*/2(1 sin(2x)) dx 


0 


n/4 
17/8 ~ af e*/? sin(2x) dz. (2) 
0 


Now let f(z) = e”/? and g’(x) = 
fi(a) = 52°? 


Hence 


sin(2z); then 


and g(x) = —$cos(2z). 


m/4 m/4 
/ e*/? sin(2x) dx = er(-4 cos(2) 
0 0 


Then 


4 
/ x’ Inxdx 
1 


x fag 4 1 ,,3]* 

= [ge° Ina], — [52°], 

=i x 4In4—41In1—- $(4°-1) 
— 3 


= 22.5743 (to 4 d.p.). 


Solution 3.1 


4 
= / e 1 e/2(_1 cos(2z)) dz In each case c is an arbitrary constant. 
0 


m/A4 
=i+ 3 / e*/? cos(2x) dz. 
Substituting in equation (2), we obtain 


n/A 
/ e*/? cos(2x) dx 
0 


m/4 
= ie? — (4 + sf e*/? cos(2x) ir) 
0 


n/A4 
= de7/8 _ 1 _ | e*/? cos(2x) dz. 
0 
So 
m/4 
(1+ +) | e*/? cos(2x) dx = 4e™/® = 
and hence 


m/4 
; e*/? cos(2x) dx = = (ten/* - 2) 
0 
— 0.5793 (to 4 d.p.). 
(c) Let f(z) =Inz and g'(z) = x’; then 
f'(x) = 1/2 


and g(x) = —§52°. 
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P= 28g Hence 
dx 


Z aa (5a*) dx 


(a) Take u =x” so 


5 
pe ay = 


[o sin(x®) dr = 5 [ sin(a?)3a" dx 


= tf sinudu 


= —Zcosutc 


= —icos(x*) +c. 


d 
(c) Take u=1-— 2z° so = = —6x”. Hence 
r 


[a — 2x°)’ dx = —% [o — 22°) (—62:7) dx 


== hx ull +e 
= —A (1 — 22%)" +6 


d 
(d) Take u=2-—.° so zi = —6x°. Hence (d) Take u=1+sin? x so - = 2sinxcosz. 


x” _ f —62° Also u = 1 when x = 0, and u = 2 when 
/p=e- 1 | oa x = 7/2. Hence 
--3 [han f- soortine c= 3 [ ee, 
U 0 1+sin* x 0 1+sin* x 
= —iIn|ul +c i > du 
1 6 ae ee 
= Sin 22 46. 
| 2 
‘ woes 
Solution 3.2 = a 
d 
(a) Take u=2z7+1s0 ““ = 42. Also u=1 when =iln2 


2 
x = 0, and u= 3 when z = 1. Hence 


1 1 
2 1/2 et 2 1/2 ji 
/ a 2a tk 1) ade = if (22° + 1)°/“4a dx Salestings 9:2 


= 0.3466 (to 4 d.p.). 


3 In each case c is an arbitrary constant. 
—1 / u'/? du 
1 (a) Let c= $(u+1), where u = 32 — 1. Then 
dx 
3 aoe 
fh 5[ 307 a 3° Hence 
: £ (u + 1) 
eS / , du 
= 1(39/2 _ 13/2) | (3x2 — 1)4 2.4. 9 


= 0.6994 (to 4 d.p.). 


II 
Ole 
bah 

Ww 

a 

as 
dae 

Qy 

& 


d 
(b) Take u = x? +3 so = = 27. Also u = 3 when 


x = 0, and u = 4 when z = 1. Hence 


1 ‘ 1 — es +c 
/ pee dee | e* +3(22) dx a 
: w _1 (Qe=1) | 

=3/ e" du we (sa = EP 

ie 

: (b) Let x = u? — 1, where u = (x+1)1/?. Then 
4 d 
— 5 | a = 2u. Hence 


x (u? — 1)? 
= } (e* —e”) locare-/ 


= 17.2563 (to 4 d.p.). ae 
=e teu — 4 2)d 
(c) Take u = arctan(3z7) so [i U u- + 2) du 
a ae ae = juju +2u+e 
dx 1+ (3x7)? 1+ 9a 


= 2(¢ + 1)5/2 — 4(¢ 4.1)3/2 
Also u = 0 when zx = 0, and u = arctan(1) = 7/4 5 ( ) 3 ( ) 


when x = 1/\/3. Hence + 2(a +1)? +. 
1/V3 1/V3 6 
/ ae pd =} | ee es 
0 — 0 —— (c) Let « =e”, where u=Inz. Then Se =e, 
U 
Se Hence 
0 


[P2ac= [AF Je du 
1/4 4 6 e* 

a ( 

| 0 = f wdu 


= § (1/4 —0) 


ky? +c 
= 1/24 = 0.1309 (to 4 d.p.). 


5 (In x)? +c. 


(d) Let c = tanu, where u = arctanz. Then 


d 
(d) Let w =e” so on =e. Hence 
dx _ dx 
— = sec“ u. Hence 


du & x 4 6) 4b; 
1 ' Je cos(e”) dz = [ coste )(e*) dx 
laam= +2372 die= / (1+ tan? )e72 tie x sec” udu 
ae [cosudu | 
SS | sec? u z 
sec? u =sinu+c 
=f I = = sin(e”) +c. 
SEC U 
Solution 3.5 
= | cosudu 
/ (a) Use integration by substitution. 


= sinu+c d 
Let wu = 4x? so ves — 12xr7. Hence 
= sin(arctanz) +c. dx 


(Since tanu = 2/1, we have sinu = 2/V1+2?, ek sin(4x*) da = 35 | sin(4x°)(122*) dx 


so this indefinite integral can be written as 


t/V1+ 27 +c.) = f sinuds 


12 
Solution 3.4 == eee: 
(a) Let u= 2° so = = 54*. Hence = —1 cos(4e3) +e. 
/ nr sin(e®) dx = } / eee) de (b) Use integration by parts. 
Let f(x) = x and g’(x) = sin(6z) dz; then 
= bf sinudu f'(z)=1 and g(x) = —4 cos(6z). 
Hence 


d 
(b) Let u = cos(2z) so . = —2sin(2x7). Hence 
. 


[ 05"(22) sin(2x) dx = -3 | cos" (22)(~2sin(22)) de (c) 


| esin(62) dx = —42zc0s(6z) — / (— 4 cos(6zx)) da 
= —ixcos(6z) + % X 7 sin(6x) +¢ 


= g; sin(6x) — ¢xcos(6z) +c. 


Use integration by substitution. 


d 
ce kk ee dy Let u = 8—2* so Be Hence 
2 dx 


3 
eee eo x od 1 3 
2 x . +e | wae” --1/ ey ) dx 
= —+ cos*(2z) + ¢. 


16 1 
du 2 3 76 tu 
(c) Letu=2z—1so — =landr=u+l. Hence 
xr 


22 


i =-3(-3x 4) +e 
[e p= Tde = f(u+ tu"? du u? 


Solution 3.6 


(a) Use integration by substitution. 


du 


Let u=x2+1so — = 1. 

dx 
Also w= 2:when # = 1, 4nd w=3 when x = 2. 
Hence 


2 3 
2 i 
| Sye-| eS du 
, (ee EP 2 wu? 


3 
— in ju) ~ = 
sa 
= (In3 — 4) — (In2—- 3) 
=In3+% 


= 0.5721 (to 4 d.p.). 
(b) Use integration by substitution. 


du 
Let wu = secz so = = secrtan 2. 
x 


1 


cos(7/4) se? 


Also u = 1 when x = 0, and u= 


when z = 7/4. Hence 


1/4 w/4 
/ sec* «tan «dz = / sec a(sec x tan x) dr 
0 0 


J2 v2 
= J u> du = iu 
1 1 
= $(4—1) = 0.75. 
(c) Use integration by parts. 
Let f(x) = x and g’(x) = cos(6z); then 
f'(z)=1 and g(x) = sem(Gr). 
Hence 
r/6 x /6 
/ x cos(6x) dx = E (4 sin(60)) 
—1/6 —7/6 
n/6 
— 7 sin(6x) dx 
—1r/6 


= sina + 7 sin(—7) 


r/6 


+4 cos(6.) 
—1/6 


= (cos rT — cos(—7) 


= 2 (-2- (i) = 6. 


Solution 4.1 


(a) The volume is 


~ 
ao, 
a ha 
Nd 
Fi 
| 
si 
NS) 
Q. 
8 
| 
= 
— 
~ ua 
bo 
8 
NS) 
Qu 
8 


\| 
=) 
doit ait 
& |e 
Re ESCA 
bn 
ieee 
i) 


= t|-1+2] 


(b) The ellipse is symmetrical about the x-axis, and 
the part of the ellipse above the x-axis is the 


curve 
T2 
= 2,/1-—— 
ee ae 
from x = —3 to x = 3. So the volume is given by 


3 2 373 
an | — dete 
8 9 27 +3 


= 4r((3 — 1) — (-3 + 1)) 
= 167, 


(c) The volume is 


rf (vel + 2/3)" de = nf o(1.+ 2)2/3 de. 


0 
d 

es a fo eed 
dx 


Also w= 1 when 2 = 0, and u = 2 when's = 1: 
Hence 


1 2 
a v(t +2)°/° de =n | (u — 1)u?/3 du 
0 1 


2 
=n (u®/3 — u?/3) du 
1 


2 

ao ge | ae 8/3 2S 

=n| fu =U 
1 


- a (2°/3(10 eit 15 — 8)) 


_ 3a 

~ 40 

= 2.2029 (to 4 d.p.). 
(d) The volume is 


2 
«/ gre 2* dex. 
1 


Let f(a) =<" and g(x) =e; then 
f'(z) = 2x 


ee + 3) 


and g(z)=—e *. 


we) 


= 7 


2 2 
--([et 2") ] - [20 (-4e*) ir) 
tot 
2 
(- 2e*+4e° +/ ze ** in), (1) 
1 
Now let f(x) = 2 and g’(x) = e~**; then 


fi@)=1 sad gear 


Hence 


Substituting in equation (1), we obtain 


2 
a ge 2” dx 
1 


= n(—26~ + te? —@ *+ te? = 


=x(- 


= 0.3445 (to 4 d.p.). 


13-4 , 5,—2 
4e + Fe 


(e) The volume is 


vie 
a sin? x dz. 
0 


Now 1 — 2sin? x = cos(2z), so 
sin” x = $(1 — cos(2z)). 


Hence 


«/ sin? x dx = inf (1 — cos(2zx)) dx 
0 0 


TT 


Nile 


nl ~ jsin(22)| 


= §n((x-0) - (0-0)) 


ae 


= 4.9348 (to 4 d.p.). 
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1-4 1-2 
genre ) 


Solution 4.2 


Since the bottle is of uniform thickness 0.5 cm, 
including the base, the equation of the inside curve is 
y= 1+ Jz cosa, where 0 < x < 4. 


The volume of the inside of the bottle is. therefore 
given by the volume of revolution generated by 
rotating the curve y = 1+ 5 cos x about the z-axis 


between x = 0 and xz = 4. 


So 
4 2 
van/ 1+ cosx}) dz 
| (1+ yg cose) 
4 
=n (1+ V2cose + }.cos* x) dz. 
0 


Now 2cos? x — 1 = cos(2z), so 
cos* = 4(1 + cos(2z)). 
Hence 
4 
eS «| (1 + /2cos x + $(1+ cos(2z)) dx 
0 
4 


= r| + /2sinz + ga + tsin(2z)| 
0 


= n(4 + V2 sin(4) + i x 4+ = sin(8) = 0) 
= (5 + J/2sin(4) + 1 sin(8) ) 


= 12-7oeur. 


to the nearest 0.01 cm?. 


Solutions for Chapter C3 


Solution 1.1 


(a) Here f(x) = e~*, so (0, f(0)) = (0,e°) = (0, 1). 
Also f'(x) = —e~*, so the gradient of the curve 
at (0,1) is f’(0) = —1. Thus the required line 
passes through the point (0,1) and has 
gradient —1. Its equation is therefore y = 1 — z. 


So the linear Taylor polynomial is p(x) = 1 — z. 
Taking x = 0.02, we obtain p(0.02) = 0.98. 
To eight decimal places, the remainder is 

r(0.02) = e °°? — 0.98 

= 0.000 198 67. 
(b) Here f(a) = (4—)'/?, so (0, f(0)) = (0,2). 

Also 

f'(x) = —4(4—2)~1/?, so the gradient of the 
curve at (0,2) is —} x 4-1/2 = -3. 


Thus the required line passes through the 
point (0,2) and has gradient —4. Its equation is 
therefore y = 2 — Fa. 


So the linear Taylor polynomial is p(x) = 2 — 5a. 


Taking x = 0.02, we obtain p(0.02) = 1.995. 
To eight decimal places, the remainder is 


r(0.02) = (4 — 0.02)'/? — 1.995 
= —0.000 006 27. 


Solution 1.2 


(a) Here f(z) = e *} a0 i, Fig) =, 1 €)- Also 
f'(z) = —e7*, so f'(1) =—Fe. Thus the 
required line has gradient —1/e. Its equation is 
therefore y = ap — x/e and it passes through 
(1,1/e). Hence 1/e = ap — 1/e, so ag = 2/e and 
the equation of the line is y = 2/e — x/e. The 
linear Taylor polynomial about 1 is therefore 


p(a)==-= 
(b) Here f(x) = os so (1, f(1)) = (1, $). Also 
f(a) =- : ———., so f’(1) = —;. Thus the 


(1+ 2) 
required line has gradient —i. Its equation is 


therefore y = ao — 4x and it passes through 


EF 5): Hence 3 = dao — re SO ag = 3 and the 
equation of the line is y = 3 ~ qa. The linear 


Taylor polynomial about 1 is therefore 


p(x) = $ — 5a. 


Solution 1.3 


(a) 


plOLy = 


Solution 1.2(b) gave the linear Taylor polynomial 


oe 4 
about 1 for f(x) = ay pit) 2 2e: 
1 
Taki ot 1.01 
aking x gives f(1.01) = aa 


So the reciprocal of 2.01 is approximated by 
+(3 — 1.01) = 0.4975. 


To eight decimal places, the remainder is given 
by 


1 
r(1.01) = > — 0.4975 = 0.000012 44. 


Here f(x) = -——,, 80 (0, f(0)) = (0,1). Also 


1 
(1+) 
3 
fe) = , so f’(0 
f'(2) = Gea. # £'(0) = 
required line has gradient —3 and passes through 
(0,1). Its equation is therefore y = 1 — 3z, and 
the linear Taylor polynomial about 0 is 


p(x) = 1—- 3c. 


—3. Thus the 


Taking x = 0.01 gives f(0.01) = (01) 


So 1/(1.01)° is approximated by 
p(0.01) = 1—3 x 0.01 = 0.97. 
To eight decimal places, the remainder is given 


by 


r(0.01) = — 0.97 = 0.000590 15. 


(1.01)3 


Solution 1.4 


(a) 


Let the polynomial we seek be 


p(x) = a9 +ayx+ ax”. 


First we ensure that p(0) = f(0). We have 


f(x) =e*/?, p(x) = a9 tare + ape”, 
fij=e = 1, pe =— ae, 
Thus we have ap = 1. : 
Next we ensure that p’(0) = f’(0). We have 
p (x) = a1 + 2az2, 


f(z) = 3", 
5 p (0) = Q\. 


f'(0) = 
Thus we have a; = $. 


Finally we ensure that p’’(0) = f’”(0). We have 


f"(2) =} 
f"(0) = fe =7,_ pv’ (0) = 2ag. 


Thus we have ag = :- 


29 


Hence the quadratic ‘Taylor polynomial about 0 
for f(x) = e*/? is 


p(z) =1+4a+4 ia”. 
The polynomial p gives the approximation 
f (0.01) ~ p(0.01) = 1+ $(0.01) + $(0.01)? 
= 1.005 0125. 


The associated remainder, to eight decimal 
places, is 


(0.01) = e®°/2 — 1.005 0125 
= 0.000 000 02. 

Let the polynomial we seek be 
p(x) = ag + a,x + aga’. 

First we ensure that p(0) = f(0). We have 
f(x) =xcosz, p(x) =ap +a,z + agz”’, 
f(0) =0, p(0) = ao. 

Thus we have ag = 0. 

Next we ensure that p’(0) = f’(0). We have 
f'(xz) =cosxr—asinz, p(x) =a; + 2agz, 
f'(0)=1, p'(0) =a). 

Thus we have a; = 1. 

Finally we ensure that p’’(0) = f”(0). We have 
f"(x) =—sine —(sinz+azcosz), p’ (x) = 2a, 
f"(0) =0, p”(0) = 2az. 

Thus we have ag = 0. 

Hence the quadratic Taylor polynomial about 0 

for 7 (2) == 2 ees 15 
p(x) =e. 

The polynomial p gives the approximation 


f (0.01) ~ p(0.01) = 0.01. 


The associated remainder, to eight decimal 
places, is 
r(0.01) = 0.01 cos(0.01) — 0.01 
= —0.000 0005. 


The quartic Taylor polynomial about 0 for 
cos(2z) is therefore 


p(t) = f0) + FO)a+ —« <_< 
f%(0) 4 
Al 
| 16 
ee 24 c, 
= 1— 2774 274 
(b) To make the differentiation easier, note that 
Thus we have: 
flz)=—-W(1+2), ~fO;=2® 
/ <= 1 ! = 
he om 1 df ae 
=2 
OD, ae Ns oe ecu Bin) 9: 
fe) = poe £0) = 23 
eee (4)(Q) = 
f(a) = oe ee (0) =6. 


The quartic Taylor polynomial about 0 for 


is therefore 


£O.,, 


Solution 2.1 


To find the quartic Taylor polynomial about 0 for 
any function f(z) we need to evaluate f(0), f’(0), 


f"(0), f(0) and f) (0). 
(a) For f(x) = cos(2z), we have: 


f(x) = cos(2z), f(0) = 1, 
fi(e)=—2sin(2e), (0) = 0; 
fl" (x) = —4cos(2z), BS Sateen 
f(x) = 8sin(2z), f (0) = 0; 
f(x) =16cos(2z), f'*(0) =16 


26 


The quartic Taylor polynomial about 0 for 


(1 — x)'/? is therefore 


p(x) = f(0) + f'(O)e + Le? fee 
+ F* (024 
=—-x“2+ tal ed ao = "hall 
eae ee ae ~~ + 2° + 42°. 
(c) For f(x) = (1—z)!/?, we have: 

f(x) = (1—2)'”?, f(0) = 1, 
fz)=-h-2)7, (0) =-4 
f(a) =-40-a)-9?, $0) =} 
f(ay=-Sa-a)?, — fO) = -§ 
f%(2) =-B a -2)-™, fo) =-8 


‘ween ie 
at / ‘tact te Acai 
p(x) = f(0) + f O)e+ c= ae 
fY(0) 4 
a 
1 3 15 
ee ee ee 
—— = a. a a 
= 1 te — ia? ia? — 3.2% 


Solution 2.2 


(a) The quintic Taylor polynomial about 7 for a 
function f is given by 


f(m) +f (m)(@— 2) + 9 (e—n)? 
(5) 
<a 
We have 
f(x) = cose, fay = ST, 
f(x) = —sing, far) =; 
f"(z)=—cosz, = f"(m) = 1, 
f®) (2) = sing, f'9) (mr) = 0; 
f (x) = cosa, fO (x) = -1, 
f(x) = -sing, f(a) f, 
So the quintic Taylor polynomial about a for 


COs x 1s 
p(z) =—-14+ 4(a@—7)? — $(a-7)*. 


(b) The quintic Taylor polynomial about e for a 
function f is given by 


fle) + F'(e\(e—e) + Pe - ey 
ere 2a) 
We have 
f{x} dag, fley Sines; 
/ 1 / = Ss 4 
So ses Pre 
1 1 1 1 
fe)=-5 of") =- 5 
Z 2 
f@= = fe} = = 
fO(a)=- fe) =-F: 
24 24 
f= = FONG) =e 


So the quintic Taylor polynomial about e for Inz 
is 


1 1 (x—e)? 2 (x-e)° 
He ges 2 2 ee 
6 (x—e)* 24(x-e)° 
Hig 0 on a 
1 1 i : 
= 1+ (2 e) 5) gg 9) 
1 ee 5 
a 


Solution 2.3 


(a) The Taylor polynomial of degree n about 0 for 
the function f(x) = In(1 +2) is 


eS a ne 
pale a- Gr tae 


que +++ +g”, 
md 


For x = 0.05, we obtain to six decimal places 


p1 (0.05) = 0.05, 
p2(0.05) = p: (0.05) — $(0.05)? 


) )? = 0.048 75, 
p3(0.05) = p2(0.05) + $(0.05)* = 0 

) ) 

) 


.048 792, 
pa(0.05) = p3(0.05) — 4(0.05)* = 0.048 790, 
ps(0.05) = p4(0.05) + £(0.05)° = 0.048 790. 


The values of p4(0.05) and ps(0.05) agree to six 
decimal places, so it is likely that to four 
decimal places 


In(1.05) = 0.0488. 
(This is the case.) 


(b) The Taylor polynomial of degree 2n about 0 for 
the function f(x) = cos(2z) is 


af 2 27 4 —1)"(2r 2n 
i i y 
For x = 0.1, we obtain to six decimal places 
po(0.1) = 1, 
2x61) 
p2(0.1) = po(0.1) — a = 0.98, 
os 41)- 
pa(0.1) = p2(0.1) + ceria = 0.980 067, 
2*x017 
pe(0.1) = pa(0.1) — atte = 0.980 067. 


The values of p4(0.1) and pg(0.1) agree to six 
decimal places, so it is likely that to four 
decimal places 


cos(0.2) = 0.9801. 
(This is the case.) 


Solution 3.1 


(a) The Taylor series about 0 for a function f is 


given by 
2 (3) 
f(0) + f/(O)x + ee i: £0, 8 
(n) 
n! 
For f(z)=-e7*, we have: 
<> fo =e" = 1; 
Pipe +b Mesa a, 
ree ue 
72) (x) — —e*, 7) (0) sat ae ae — 


= Cie. Few =(-1*. 
So the Taylor series about 0 for f(x) =e 


a eee 
ee 
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(b) The Taylor series about 1 for a function f is 


given by 
FQ) + FA@ -1) + LY e-1y 
(3) (7) 
+ Ee IP tt i MCI eS | eae 
For f(x) = 1/z we have 
f(x) = 1/z, fQ) =1; 
f(z) = =, f'Q) = -1; 
f(a) = 5, f(t) = 23 
fOa)=-5, fl) = -65 
f(a) = (-1) "=F ODS 
So the Taylor series about 1 for f(x) = 1/z is 
iGo a(e-1)?— (2-1) 
feet we (e—1)" + 


Solution 3.2 


The binomial series is given by 


z a(a— 1) a(a — 1)(a@ — 2) 
(1+ 2) =i pes ee ee 
+--+, tor -i<27 <4. 


(a) Thus the first five terms of the binomial series 
for (1+ x2)~* are 

(—4)(—5) 
5 eee : eee 


1+ (—4)x + 
adi 5) 
_o a eas 


= 1—47+4 10x? — 20x? + 3527. 


(b) The first five terms of the binomial series for 
(1+ 2)1/3 are 


14 (per DCD, MCDCD,: 
Ga) 
- Al z 
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Solution 3.3 
(a) Use 
(1+a)*=1— 42+ 102? — 202° + 352*—.-.-. 


set 1+ 2 = 0.99, so x = —0.01. To five decimal 
places, we have 


po(—0.01) = 1, 
pi(—0.01) = po(—0.01) — 4(—0.01) = 1.04, 
p2(—0.01) = p;(—0.01) + 10(—0.01)? = 1.041, 
p3(—0.01) = p2(—0.01) — 20(—0.01)* = 1.04102, 
pa(—0.01) = p3(—0.01) + 35(—0.01)* = 1.041 02. 

So it is likely that to three decimal places 
(0.99)~* = 1.041. 

(This is the case.) 

(b) Use 


(l1+2)/%=1+i2- to? + 2% — Dat +... 


Set 1+ 2=0.9, so x = —0.1. To five decimal 
places, we have 


po(—0.1) = 1 

pi(—0.1) = po(—0.1) + 4(—0.1) = 0.96667, 
p2(—0.1) = pi(—0.1) — $(—0.1)? = 0.965 56, 
p3(—0.1) = po(—0.1) + 2(—0.1)* = 0.965 49, 
pa(—0.1) = p3(—0.1) — #2 (—0.1)* = 0.965 49. 


So it is likely that to three decimal places 
(0.9)1/3 = 0.965. 
(This is the case.) 


Solution 4.1 


(a) The Taylor series about 0 for sin x is 


a hg 
sing =2— Fa" + 32 — me +---, forx ER. 
Using this series, and replacing x by x? 
throughout, we obtain 
1 1 1 
sin(a*) = (x*) = gee Y 4 = g*)? — 7 gp)! 4... 


The series is valid for any x? € R, so is valid for 
any xz € R. Hence 


for x ER. 


The Taylor series about 0 for e” is 


I 1 
=1+2+ Ea = kl 7: 
Using this series, and replacing x by «7/2, we 
obtain 


amare (5)+3(5) +a(§) * 
= 2 a XD 3119 


, for x ER. 


The series is valid for Sx E R, so it is valid for 
x € R. Hence 


e/? —~1+4e+4a7?+ dar t--, for c ER. 


is 


1 
(c) The Taylor series about 0 for ; 


. e. 2 
ee SS Po ah er a ae 
1-—z 
Using this series, and replacing x by 2z, we 
obtain 


= 14 (20) + (20)? + (2) ++, 


Since the Taylor series about 0 for is valid 


—2 
for —1 < x < 1, the above series is valid for 
—1 < 2x < 1; that is, for —% — es 5: Hence 


1 
=14+2r+4e?+82°4+---, for — 5 <= =< 1 (c) 
1—2@ 
(d) The Taylor series about 0 for (1+ x)® is 
v(a— 1 
(1+ 2) =1t+a2+22— U2 
a(a—1)(a—2 
cee ne 
3! 
Using this series, replacing x by x”, and putting 
a= S, we obtain 
1 
(1+ 27)9/2 = 1+ 3(2”7) +2 x i x a (a)? 
1 
bax Ex (4) x E+ 


Since the Taylor series about 0 for (1+ x)?/? is 

valid for —1 < x < 1, the above series is valid for 

—| < «? <1; that is, for —1 < x < 1. Hence 
(14274 =1+ 327? + 32*- tase, 

for -l <a <1. 


Solution 4.2 


(a) We have 
oe [> 12 ae 
e€ =e tg” +3 + 7% Ae rhé, 
for z € R, and 
a + 4.73 
ao =i = ae +72 — at fore, 
for z € R. Hence 
e*+cosr=2+ar4+ 42° + 42° +---, 
for x ER. 
(b) We have 


- (+=) - a ae 


al al le ec 


Now the Taylor series about 0 for In(1 + 2) is 


In(l+a2)=2- ke? + de? — Foe fee, 
for —1: << x <A. 
Replacing x by —z in this series gives 


In(1 — 2) = —a2 — $2? — $2° — ta*--- 


Since the Taylor series about 0 for In(1+ 2) is 


valid for —1 < x < 1, the above series is valid 
—1 < —zx < 1; that is, for —1 < « < 1. Hence 


+8 et ae Oe eee or eee 
in (==) = (-2 — 52 = Ee — 2e ie 


2 3 
ae oe ee on 
for —1 < + < 1. 
We have 
sing =2— 20% + oa? — Sa pes, 
for zc ER. 


for 


Multiplying both sides of the above equation by 


1 — x gives 


(1—2)sing =sinz —zsinz 


for z € R. Hence 


1 1 
(l—#)sing =a — 2° at a t+ 


for zc ER. 


We have (1+ 2)? =1+2r+4 2’, for x € R, and 


1 1 
@ei+e+ oe +7 4s. fete c R. 


2! 3! 
So 
(1+2)*e” 

2 1 2 1 3 
=(1+2xr+2*) a 3° Se ++: 
= FT 1 2 1 3 
= gs Jee a ae 

(+ 22 + 20? + Sa? + ---) 
+ (=? + Pee), 
= 1. +37 + fo? + Bai +---, 
for x € R. Hence 
(l+a)?e*=14+32+4 227+ Bar +.--, 
for x ER. 


i 


zo 


Solution 4.3 


(a) The Taylor series about 0 for e” is 
— 1 2 1 3 
e€ =i tet + 32 +---, forxeER. 
Replacing x by 2x we obtain the Taylor series 
about 0 for e?”: 


1 1 
e7* = 1+ (2r)+ 5 (2)° + ay (2@)° 4... 


4 4 8 3 


for ER. 


Since e?* = e® x e” we can obtain the Taylor 
series about 0 for e?” by considering 


1 1 
zt st a 2 a 3 ee 


1 2 1 3 


ae 1 1 
: —_ —_—— 2 es 3 eee 
=(1+04 52 a ies a2 ) 


es 
ta(14et 5a? +---] 


1 ; 1 
+a tet oo) Pee 
Le i, 4. 
meee 


1 
+(e+a?+ 5a +--) 


for x ER. 


This answer agrees with the solution in part (a). 


Solution 4.4 


(a) Using the given Taylor series, 


1 1 
sinha = 2+ —2° + —2°+---, fort ER, 
3! 5! 
and replacing x by 2z, we obtain the Taylor 
series for sinh(2z): 


sinh(2x) = (2x) + =, (22)° be Seas 
for x € R; that is, 

sinh(2r) = 22 + $2° + 40° +---, 
for zx ER. 


Multiplication of the Taylor series for sinh x and 
cosh x gives 


30 


-)--- 


(c) 


1 1 
sinh x cosh xz = (2+ Tl =}. is +) 


1 2 i 4 


1 o 1 a 

1 5 
+2" (14+---)+-> 

5! 
= 1 1 3 1 1 A: 
=a2t+ a BI 2 + a 3ri* 51 
betes 


am eae ee 
eet ae Fat T***, 
for x € R. Hence 
sinh xcosha = a+ 22°+22°+---, for x ER. 


Since the Taylor series about 0 for sinh(2z) can 
be written (see part (a)) as 


sinh(2xr) = 2 (x + 24° a 22° +... .) , for x ER, 
we can conjecture that 
sinh(2x) = 2sinh xcoshz. 


(This identity is valid.) 


Solution 4.5 


(a) 


(b) 


We have 
In(l +a) =a — $27 + 42° — 


for —l<2z<l. 


1 
reo oe =. 


Differentiating both sides gives 


)* 


1 
Dag 172 (2x) + 3 x (82*) — 3 x 42") + 
Hence 
i 
Wee = eee for —l<2a<1l, 


which agrees with the standard Taylor series 
given in the chapter. 


Replacing x by 42x” in the above series for ee 
£ 


gives 
i 
1+ 42? 
for —1 < 4x7 < 1. Now 4a? > —1 for all real z, 
so the condition for validity reduces to 4x? < 1; 
that is, —1 < 2x < 1 or equivalently 
—$<a<. 


= 1 — (4a*) + (4x7)* — (427)? +---, 


Hence 
1 
1+ 4x? 


i 1 
for —2 i e-< 5. 


= 1 — 4¢7 + 162* — 642° + ---, 


(c) We have 


arctan(2zr) = 2 | dx 


1 
1+ 42? 
=2 [ (1 -40* + 1624 ~ 642° + ---) de, 


for —} < x < $, by part (b). Hence 
arctan(2r) =c+2(r— 42° + a? — Sr +.-.-.). 


When x = 0 we have arctan(2z) = 0, soc = 0. 
Thus 


arctan(2x) = 2x — 8° =* 32 y° ie 128 7! oo . 
1 1 
for = — x 
Solution 4.6 


(a) The binomial series for (1 + x)® is 


—1 
G+e)* = 1tar+ Seo) ,2 
ala—1)\(a-—2 
a a(a—Ij(a—2) 3 ~f eae 
3! 
for -l <2 <l. 
Setting a = —} and replacing x by (—2x”) gives 


1 a f4 P=) (—2?) re 3) (3) (—2x?)? 


Vie 2! 
CYEDED arog. 


for =] <—=2° eee 


, 


Now —2? < 1 for all z, so the condition for 
validity reduces to —1 < —x?. This is equivalent 
to x? < 1 or equivalently —1 < x < 1. Hence 


1 
V1— zx? 
for -l<a2a<l. 
(b) We have 


=1+ 4277+ 327+ 32°4---, 


1 
arccosxz = — | ———.d7z. 
er 
So, by part (a), 
arceosz =~ f (1442? + Sat + $o°+---) da 
=c—(x+ite®?+3e°4+ 3 2'4+-::), 


for —1L< 7 <7, 


When z = 0 we have arccos = $7, SO c = 57. 
Hence 
ee ar ee See a ee | ae ae 
arccos f= 5% —“2£— 40" — Fa” — ou 


for -l<a2<l. 
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